1.
Introduction.
Let Ω be an n-dimensional paracompact C x -manifold with complete Riemannian metric ds 2 = g^dx^x' and surface measure dμ = Vg dx where g = det(g ίy ). As in [5] we define Λ = (1 -Δ)~1 /2 as a positive-definite operator in i?(ϊ), the bounded operators over the Hubert space ϊ = L 2 (Ω, dμ), and define the Sobolev spaces l N Cl for N = 0,1, by requiring A N : ϊ-> I N to be an isometric isomorphism. It was shown in [3] that Co(Ω) is then dense in each ϊ N .
In [5] we defined classes of bounded functions and vector fields, A and D, whose successive covariant derivatives with respect to a symmetric affine connection V vanish at infinity in the special sense that for /E C(Ω) we write lim x^x f = 0 if for every e > 0 there exists a compact set K Cίϊ such that (1.1) l/(*)l<€ f0Γ *eΩ\K.
Let L N denote the class of Nth-order differential operators generated by taking sums of products of elements in D and A. The connection V need not be the Riemannian connection Vg, but must satisfy Condition (r 0 ) of [5] that it does not differ drastically from Vg at infinity. We also require Condition (L 2 ) that 1-Δ E L 2 , a condition which was seen in [5] to imply the curvature tensor R tends to zero as x ->oo in the sense of (1.1) . Under these two conditions it was shown that the operators LΛ N and Λ N L for L E L N are bounded over ϊ and thus generate an algebra 31° C Moreover it was found that after adding the compact ideal 5ίf to 133 2ί° and taking the norm closure, we obtain a C*-algebra 21 with compact commutators.
In this paper we focus our attention on the maximal ideal space M of the commutative C*-algebra 3Ϊ/X If we define the symbol σ A to be the continuous function on M associated with the coset A + 3ίf, then a necessary and sufficient condition for A to be Fredholm is that σ A never vanish on M (c.f. [1] ). Thus a further analysis of M and the symbols σ A is desirable for the Fredholm theory of differential operators in LΛ For compact manifolds Ω it was shown in [8] that M is just the bundle of unit co-spheres S *Ω C Γ*Ω. For the special noncompact manifold Ω = R n it was shown in [4] that M contains S*Ω = R" x S n~ι as a proper subset: in fact M = dP*Ω = P*Ω\ Γ*Ω where P*Ω is a certain compactification of T*Ω. In both [4] and [8] explicit formulas for σ A were obtained. For general Ω, the main result of this paper (c.f. Theorem 2.2) asserts the inclusions S*Ω CM CdP*Ω. Although we do not achieve a complete description of M and σ A , this theorem yields many results (e.g. criteria for "weak = strong" and characterizations of Fredholm essential spectra) of classical elliptic theory (c.f. [2] ). For example, if L E L N is uniformly elliptic (see §2) and formally self-adjoint, then L is essentially self-adjoint (with domain C ( T(Ω)). A discussion of this and further applications of the result of this paper is planned for a subsequent publication.
2. The formal algebra symbol. Let 9ί M denote the function algebra obtained by closing A under uniform norm. Since SI M is a subalgebra of the bounded continuous functions on Ω, the Gelfand isomorphism yields 3ί M = C(Ω) where Ω is some compactification of Ω. On the other hand, considering 51 M C?ί we obtain a canonical injection i: 21 M -* 91/32" whose associated dual map p = i* provides a continuous surjection /?:M-»Ω. Let us denote the open subset p~1(Ω)CM by S. The following theorem, which is an immediate consequence of Theorem 2.2 although we state it first for purposes of exposition, extends the corresponding well-known result for compact Ω. 
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For αEA and DGD with local expression -ib J (d/dx J ), the following formal symbols define continuous functions on T*Ω.
and we may extend algebraically to sums and products. In particular, the formal symbols σ α , σ DΛ , and σ Λ for a E A and D E D generate a C*-algebra, Sί^, of continuous bounded functions on T*Ω. The maximal ideal space of 2ί σ is a compactification, P*Ω, of T*Ω, and we define the boundary dP*Ω = P*Ω\T*Ω. The associated dual map to the injection 5i M~^3 i^ provides a surjection of P*Ω onto Ω, and the restriction of this map to the boundary is denoted by π: (9F*Ω->Ω. Using (2.1) of [5] , the formal symbols of LΛ N and A N L for L E L N defined by algebraic extension of (2.2) are unique when restricted to dP*Ω. Thus we are lead to defining the formal algebra symbol as the algebra homomorphism
obtained by this restriction of σ. It is evident that S*Ω is homeomorphic to π~2Ω by the map (x, f)-»lim Γ _>oo(jt, rξ) E dP*Ω. Theorem 2.1 may be interpreted as providing a continuous injection θ: S^ dP*Ω such that
for m E S and operators A = a or A = DA. The main result of this paper extends this formula as follows. If L E L N with σ LΛ * bounded away from zero on 5 *Ω = 0(S), we say L is uniformly elliptic. Let us introduce the NxN matrix-valued function P = B τ G~ιBA. Observe that P does not depend on local coordinates and P 2 = P implies ίN\ that P is a projection matrix with rank n. Let Γ= I ), the binomial coefficient. We shall require the following lemma from linear algebra. LEMMA 3.1. For any N x N projection matrix P with rank n, there exists an n x n diagonal matrix minor P such that \ det P \ ^ Γ"
is ±1. But this coefficient equals the sum of all n x n diagonal minors. Since there are precisely Γ such minors, at least one must have absolute value not less than Γ" 1 .
Applying the lemma, we see that at each point x EΩ there is a matrix minor P of P, P = Bj y) G λ BA where B iy) denotes one of the Γ distinct n x n matrix minors of B and A denotes a certain N x n matrix minor of A, such that (3.3) |detP|> (2Γ Observe that Ω" Cίi cΩ γ . Let Ω; and Ω^ denote the closures of Ω; and Ω" respectively in Ω.
In each set Ω γ , det B iy) > 0 so we may define the n x N matrix-valued function Q Ύ = B~{ y) B. Let us also define annXn matrix-valued function on Ω γ (3.6) A
y = Q y AQ\ = (B ~{ y \G
Clearly A y is coordinate invariant and positive definite with spectrum bounded uniformly (over Ω γ ) below by e > 0. Since | det A y \ < C 2 on Ω γ , we conclude that the spectrum of A γ is contained in a fixed (independent of x E Ω γ ) compact subset of (0,°c We now invoke some of the results of [5] . Condition ( where m» (x,σ) such that σ a (m)= a(x) and σ Sy Xm) = ψ y {x)σ v for v = 0,1, . n. In addition, (3.12) maps M' y Π S onto Ω x S"" 1 .
Now let x G C(R) with χ(t) =
Proof. Let 21* denote the smallest C*-algebra with unit containing X and T ΎtV for v = 0,1, , n. Let 2ί γ denote the smallest C*-algebra containing 2ί M and 81*. Since 8l γ /3Γ is a commutative C*-algebra, let N γ denote its maximal ideal space, and let σ y : 9l r -> C(N γ ) be the symbol homomorphism. Also let p y \ N γ ->Ω be the associated dual map to the inclusion Sl M -» Sί γ . For α E A and DED, define p y {a) = a, p y (DA) = ψ r DΛ, and p r (Λ)= ι/r γ Λ. By Lemma 3.3, ρ γ extends to a continuous algebra homomorphism of SI onfo δl γ . Since p y (3 f {)C3 f { y there is an induced surjective homomorphism β y : Sl/9ίf -»3l γ /3ίf. Thus the associated dual map / γ = p* provides a continuous injection such that for all A E 2ί and n E N γ . The restriction of i γ to N^p ^Ω;) may easily be seen to provide a surjection of N^ onto M y . Thus we may consider NJCM. On the other hand, Sl^/Sif is also a commutative C*-algebra with unit whose maximal ideal space will be denoted MJ. But by a wellknown theorem concerning C*-algebras generated by a finite number of elements (c.f. [7] ), M^ is homeomorphic to the joint spectrum of the n + 1 cosets T ΎtV + 5ίΓ of 2l*/3ίf. Using (3.11) Proof. Restricting the formal symbols σ Tyv for i/ = θ, l, ,n to Γ*Ωγ generates a C*-algebra with maximal ideal space SI and which together with 2ί M | Ω ; generates Sl σ>y . Herman's Lemma yields the injection (3.16) which may easily be seen to be surjective. Now we may prove our main result. for all A = α, DΛ, or Λ with αGA and DED. The extension of (3.18) to all A E ?ί° follows from the algebraic properties of σ and σ.
